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Ejercicio 1

Problema 1.

      Dados los siguientes campos vectoriales, compruebe 
la validez del teorema de Green en el plano, considerando 
el dominio de integración la región:

Circulando sobre la curva:

R : x2 + y2 ≤ a2

C : r(t) = (acos(t))i + (asen(t))j, 0 ≤ t ≤ 2π
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EXERCISES 16.4

Verifying Green’s Theorem
In Exercises 1–4, verify the conclusion of Green’s Theorem by evalu-
ating both sides of Equations (3) and (4) for the field 
Take the domains of integration in each case to be the disk 

and its bounding circle 

1. 2.

3. 4.

Counterclockwise Circulation and Outward Flux
In Exercises 5–10, use Green’s Theorem to find the counterclockwise
circulation and outward flux for the field F and curve C.

5.

C: The square bounded by 

6.

C: The square bounded by 

7.

C: The triangle bounded by and 

8.

C: The triangle bounded by and 

9.

C: The right-hand loop of the lemniscate 

10.

C: The boundary of the region defined by the polar coordinate
inequalities 

11. Find the counterclockwise circulation and outward flux of the
field around and over the boundary of the region
enclosed by the curves and in the first quadrant.y = xy = x2

F = xyi + y2j

1 … r … 2, 0 … u … p

F = atan-1 
y
x b i + ln sx2 + y2dj

r2 = cos 2u

F = sx + ex sin ydi + sx + ex cos ydj
y = xy = 0, x = 1 ,

F = sx + ydi - sx2 + y2dj
y = xy = 0, x = 3 ,

F = s y2 - x2di + sx2 + y2dj
x = 0, x = 1, y = 0, y = 1

F = sx2 + 4ydi + sx + y2dj
x = 0, x = 1, y = 0, y = 1

F = sx - ydi + sy - xdj

F = -x2yi + xy2jF = 2xi - 3yj

F = yiF = -yi + xj

C: r = sa cos tdi + sa sin tdj, 0 … t … 2p.a2
R: x2 + y2 …

F = Mi + Nj.

12. Find the counterclockwise circulation and the outward flux of the
field around and over the square cut
from the first quadrant by the lines and 

13. Find the outward flux of the field

across the cardioid 

14. Find the counterclockwise circulation of 
around the boundary of the region that is bounded above

by the curve and below by the curve 

Work
In Exercises 15 and 16, find the work done by F in moving a particle
once counterclockwise around the given curve.

15.

C: The boundary of the “triangular” region in the first quadrant
enclosed by the x-axis, the line and the curve 

16.

C: The circle 

Evaluating Line Integrals in the Plane
Apply Green’s Theorem to evaluate the integrals in Exercises 17–20.

17.

C: The triangle bounded by 

18.

C: The boundary of 0 … x … p, 0 … y …  sin x

F
C 

 s3y dx + 2x dyd

x = 0, x + y = 1, y = 0

F
C 

 sy2 dx + x2 dyd

sx - 2d2 + s y - 2d2 = 4

F = s4x - 2ydi + s2x - 4ydj
y = x3x = 1 ,

F = 2xy3i + 4x2y2j

y = x4 + 1.y = 3 - x2
sex>ydj F = s y + ex ln ydi +

r = as1 + cos ud, a 7 0 .

F = a3xy - x
1 + y2 b i + sex + tan-1 ydj

y = p>2 .x = p>2F = s-sin ydi + sx cos ydj
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Recordemos que para 
un campo vectorial

If water is moving about a region in the xy-plane in a thin layer, then the k-component
of the circulation, or curl, at a point gives a way to measure how fast and in what
direction a small paddle wheel will spin if it is put into the water at with its axis
perpendicular to the plane, parallel to k (Figure 16.27).

EXAMPLE 2 Finding the k-Component of the Curl

Find the k-component of the curl for the vector field

Solution We use the formula in Equation (2):

Two Forms for Green’s Theorem

In one form, Green’s Theorem says that under suitable conditions the outward flux of a
vector field across a simple closed curve in the plane (Figure 16.28) equals the double
integral of the divergence of the field over the region enclosed by the curve. Recall the
formulas for flux in Equations (3) and (4) in Section 16.2.

scurl Fd # k = 0N
0x - 0M

0y = 0
0x sxy - y2d - 0

0y sx2 - yd = y + 1.

Fsx, yd = sx2 - ydi + sxy - y2dj.

sx0, y0d
sx0, y0d

We let and approach zero to define what we call the circulation density of F at the
point (x, y).

The positive orientation of the circulation density for the plane is the counter-
clockwise rotation around the vertical axis, looking downward on the xy-plane from the tip
of the (vertical) unit vector k (Figure 16.27). The circulation value is actually the k-
component of a more general circulation vector we define in Section 16.7, called the curl
of the vector field F. For Green’s Theorem, we need only this k-component.

¢y¢x

1172 Chapter 16: Integration in Vector Fields

k

k

Vertical axis

Vertical axis

(x0, y0)

(x0, y0)

Curl F (x0, y0) . k ! 0
Counterclockwise circulation

Curl F (x0, y0) . k " 0
Clockwise circulation

FIGURE 16.27 In the flow of an
incompressible fluid over a plane region,
the k-component of the curl measures the
rate of the fluid’s rotation at a point. The k-
component of the curl is positive at points
where the rotation is counterclockwise and
negative where the rotation is clockwise.

DEFINITION k-Component of Curl (Circulation Density)
The k-component of the curl (circulation density) of a vector field

at the point (x, y) is the scalar

(2)scurl Fd # k = 0N
0x - 0M

0y .

F = Mi + Nj

Simple

Not simple

Simple

FIGURE 16.28 In proving Green’s
Theorem, we distinguish between two kinds
of closed curves, simple and not simple.
Simple curves do not cross themselves. A
circle is simple but a figure 8 is not.

THEOREM 3 Green’s Theorem (Flux-Divergence or Normal Form)
The outward flux of a field across a simple closed curve C equals
the double integral of div F over the region R enclosed by C.

(3)

Outward flux Divergence integral

F
C 

 F # n ds = F
C 

 M dy - N dx = 6
R

 a0M
0x + 0N

0y b  dx dy

F = Mi + Nj
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Recordemos que para 
un campo vectorial
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Circulación
anti-horaria

Integral del 
Rotacional

In another form, Green’s Theorem says that the counterclockwise circulation of a
vector field around a simple closed curve is the double integral of the k-component of the
curl of the field over the region enclosed by the curve. Recall the defining Equation (2)
for circulation in Section 16.2.

16.4 Green’s Theorem in the Plane 1173

THEOREM 4 Green’s Theorem (Circulation-Curl or Tangential Form)
The counterclockwise circulation of a field around a simple
closed curve C in the plane equals the double integral of over the re-
gion R enclosed by C.

(4)

Counterclockwise circulation Curl integral

F
C 

 F # T ds = F
C 

 M dx + N dy = 6
R

 a0N
0x - 0M

0y b  dx dy

scurl Fd # k
F = Mi + Nj

The two forms of Green’s Theorem are equivalent. Applying Equation (3) to the field
gives Equation (4), and applying Equation (4) to gives

Equation (3).

Mathematical Assumptions

We need two kinds of assumptions for Green’s Theorem to hold. First, we need conditions
on M and N to ensure the existence of the integrals. The usual assumptions are that M, N,
and their first partial derivatives are continuous at every point of some open region con-
taining C and R. Second, we need geometric conditions on the curve C. It must be simple,
closed, and made up of pieces along which we can integrate M and N. The usual assump-
tions are that C is piecewise smooth. The proof we give for Green’s Theorem, however,
assumes things about the shape of R as well. You can find proofs that are less restrictive in
more advanced texts. First let’s look at examples.

EXAMPLE 3 Supporting Green’s Theorem

Verify both forms of Green’s Theorem for the field

and the region R bounded by the unit circle

Solution We have

0M
0x = 1, 0M

0y = -1, 0N
0x = 1, 0N

0y = 0.

 N = cos t, dy = dssin td = cos t dt, 

 M = cos t - sin t, dx = dscos td = -sin t dt, 

C: rstd = scos tdi + ssin tdj, 0 … t … 2p.

Fsx, yd = sx - ydi + xj

G2 = -Ni + MjG1 = Ni - Mj
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1012 Chapter 16 Integration in Vector Fields

32. 0 , 0 , 2x sin y    is conservative  there exists an f so that f;` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ ! œ Ê Ê œF F ™

 2x cos y  f(x y z) x  cos y g(y z)  x  sin y x  sin y  0  g(y z) h(z)` `
` ` ` `

# # #` `f f
x y y y

g gœ Ê ß ß œ " ß Ê œ ! " œ ! Ê œ Ê ß œ

   f(x y z) x  cos y h(z)  h (z) 0  h(z) C  f(x y z) x  cos y C  x  cos yÊ ß ß œ " Ê œ œ Ê œ Ê ß ß œ " Ê œ# w # #`
`

f
z F ™ a b

 (a)  2x cos y dx x  sin y dy x  cos y 0 1 1'
C

! œ œ ! œ !# # Ð!ß"Ñ
Ð"ß!Ñc d

 (b)  2x cos y dx x  sin y dy x  cos y 1 ( 1) 2'
C

! œ œ ! ! œ# # Ð"ß!Ñ
Ð""ß Ñc d 1

 (c)  2x cos y dx x  sin y dy x  cos y 1 1 0'
C

! œ œ ! œ# # Ð"ß!Ñ
Ð""ß!Ñc d

 (d)  2x cos y dx x  sin y dy x  cos y 1 1 0'
C

! œ œ ! œ# # Ð"ß!Ñ
Ð"ß!Ñc d

33. (a) If the differential form is exact, then   2ay cy for all y  2a c,   2cx 2cx for` ` ` `
` ` ` `

P N M P
y z z xœ Ê œ Ê œ œ Ê œ

 all x, and   by 2ay for all y  b 2a and c 2a` `
` `

N M
x yœ Ê œ Ê œ œ

 (b) f  the differential form with a 1 in part (a) is exact  b 2 and c 2F œ Ê œ Ê œ œ™

34. f  g(x y z)  d f d f(x y z) f(0 0 0)  0, 0, andF F r rœ Ê ß ß œ œ œ ß ß ! ß ß Ê œ ! œ !™ † ™ †' '
0 0 0 0 0 0

x y z x y z
` `
` ` ` `

` `g g
x x y y

f f

 0  g f , as claimed`
` `

`g
z z

fœ ! Ê œ œ™ ™ F

35. The path will not matter; the work along any path will be the same because the field is conservative.

36. The field is not conservative, for otherwise the work would be the same along C  and C ." #

37. Let the coordinates of points A and B be x , y , z  and x , y , z , respectively. The force a b c  isa b a bA A A B B B F i j kœ " "

 conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is
 f x, y, z ax by cz C, and the work done by the force in moving a particle along any path from A to B isa b œ " " "

 f B f A f x , y , z f x , y , z ax by cz C ax by cz Ca b a b a b a b a b a b! œ ! œ " " " ! " " "B B B A A A B B B A A A

 a x x b y y c z z BAœ ! " ! " ! œ †
Äa b a b a bB A B A B A F

38. (a) Let GmM C  C! œ Ê œ " "F i j k’ “x z
x y z x y z x y z

ya b a b a b# # # # # #

  , ,   f forÊ œ œ œ œ œ œ Ê œ` ` ` " ` ` `
` ` ` ` ` `

" "

# # # # # #

P N M 3xzC P N M
y z z x x y

3yzC 3xyC
x y z x y z x y za b a b a b F ™

 some f;   f(x y z) g(y z)  ` `
` ` `# # # # # #

`f xC C f
x y yx y z x y z x y z

yC gœ Ê ß ß œ ! " ß Ê œ "a b a b a b
   0  g(y z) h(z)  h (z)œ Ê œ Ê ß œ Ê œ " œyC g

x y z x y z x y zy z
f zC zCa b a b a b# # # # # #

`
` `

` w

  h(z) C   f(x y z) C .  Let C 0  f(x y z)  is a potentialÊ œ Ê ß ß œ ! " œ Ê ß ß œ" " "
# # # #

C GmM
x y z x y za b a b

 function for .F
 (b) If s is the distance of (x y z) from the origin, then s x y z .  The work done by the gravitational fieldß ß œ " "È # # #

   is work d GmM , as claimed.F F rœ œ œ ! œ !'
P

P

† ’ “ Š ‹GmM GmM GmM
x y zÈ # #

T

T

" "
s s s s

16.4  GREEN'S THEOREM IN THE PLANE

 1. M y a sin t, N x a cos t, dx a sin t dt, dy a cos t dt  0, 1, 1, andœ ! œ ! œ œ œ ! œ Ê œ œ ! œ` ` `
` ` `
M M N
x y x

 0;`
`

N
y œ

 Equation (11):   M dy N dx [( a sin t)(a cos t) (a cos t)( a sin t)] dt 0 dt 0;) ' '
C 0 0

2 2

! œ ! ! ! œ œ

   dx dy 0 dx dy 0, Flux' ' ' '
R R

Š ‹` `
` `
M N
x y" œ œ

If water is moving about a region in the xy-plane in a thin layer, then the k-component
of the circulation, or curl, at a point gives a way to measure how fast and in what
direction a small paddle wheel will spin if it is put into the water at with its axis
perpendicular to the plane, parallel to k (Figure 16.27).

EXAMPLE 2 Finding the k-Component of the Curl

Find the k-component of the curl for the vector field

Solution We use the formula in Equation (2):

Two Forms for Green’s Theorem

In one form, Green’s Theorem says that under suitable conditions the outward flux of a
vector field across a simple closed curve in the plane (Figure 16.28) equals the double
integral of the divergence of the field over the region enclosed by the curve. Recall the
formulas for flux in Equations (3) and (4) in Section 16.2.

scurl Fd # k = 0N
0x - 0M

0y = 0
0x sxy - y2d - 0

0y sx2 - yd = y + 1.

Fsx, yd = sx2 - ydi + sxy - y2dj.

sx0, y0d
sx0, y0d

We let and approach zero to define what we call the circulation density of F at the
point (x, y).

The positive orientation of the circulation density for the plane is the counter-
clockwise rotation around the vertical axis, looking downward on the xy-plane from the tip
of the (vertical) unit vector k (Figure 16.27). The circulation value is actually the k-
component of a more general circulation vector we define in Section 16.7, called the curl
of the vector field F. For Green’s Theorem, we need only this k-component.
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The k-component of the curl (circulation density) of a vector field

at the point (x, y) is the scalar
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circle is simple but a figure 8 is not.

THEOREM 3 Green’s Theorem (Flux-Divergence or Normal Form)
The outward flux of a field across a simple closed curve C equals
the double integral of div F over the region R enclosed by C.
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If water is moving about a region in the xy-plane in a thin layer, then the k-component
of the circulation, or curl, at a point gives a way to measure how fast and in what
direction a small paddle wheel will spin if it is put into the water at with its axis
perpendicular to the plane, parallel to k (Figure 16.27).

EXAMPLE 2 Finding the k-Component of the Curl

Find the k-component of the curl for the vector field

Solution We use the formula in Equation (2):

Two Forms for Green’s Theorem

In one form, Green’s Theorem says that under suitable conditions the outward flux of a
vector field across a simple closed curve in the plane (Figure 16.28) equals the double
integral of the divergence of the field over the region enclosed by the curve. Recall the
formulas for flux in Equations (3) and (4) in Section 16.2.

scurl Fd # k = 0N
0x - 0M

0y = 0
0x sxy - y2d - 0

0y sx2 - yd = y + 1.

Fsx, yd = sx2 - ydi + sxy - y2dj.

sx0, y0d
sx0, y0d

We let and approach zero to define what we call the circulation density of F at the
point (x, y).

The positive orientation of the circulation density for the plane is the counter-
clockwise rotation around the vertical axis, looking downward on the xy-plane from the tip
of the (vertical) unit vector k (Figure 16.27). The circulation value is actually the k-
component of a more general circulation vector we define in Section 16.7, called the curl
of the vector field F. For Green’s Theorem, we need only this k-component.

¢y¢x
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k

k

Vertical axis

Vertical axis

(x0, y0)

(x0, y0)

Curl F (x0, y0) . k ! 0
Counterclockwise circulation

Curl F (x0, y0) . k " 0
Clockwise circulation

FIGURE 16.27 In the flow of an
incompressible fluid over a plane region,
the k-component of the curl measures the
rate of the fluid’s rotation at a point. The k-
component of the curl is positive at points
where the rotation is counterclockwise and
negative where the rotation is clockwise.

DEFINITION k-Component of Curl (Circulation Density)
The k-component of the curl (circulation density) of a vector field

at the point (x, y) is the scalar

(2)scurl Fd # k = 0N
0x - 0M

0y .

F = Mi + Nj

Simple

Not simple

Simple

FIGURE 16.28 In proving Green’s
Theorem, we distinguish between two kinds
of closed curves, simple and not simple.
Simple curves do not cross themselves. A
circle is simple but a figure 8 is not.

THEOREM 3 Green’s Theorem (Flux-Divergence or Normal Form)
The outward flux of a field across a simple closed curve C equals
the double integral of div F over the region R enclosed by C.

(3)

Outward flux Divergence integral

F
C 

 F # n ds = F
C 

 M dy - N dx = 6
R

 a0M
0x + 0N

0y b  dx dy

F = Mi + Nj
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32. 0 , 0 , 2x sin y    is conservative  there exists an f so that f;` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ ! œ Ê Ê œF F ™

 2x cos y  f(x y z) x  cos y g(y z)  x  sin y x  sin y  0  g(y z) h(z)` `
` ` ` `

# # #` `f f
x y y y

g gœ Ê ß ß œ " ß Ê œ ! " œ ! Ê œ Ê ß œ
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! œ œ ! œ !# # Ð!ß"Ñ
Ð"ß!Ñc d

 (b)  2x cos y dx x  sin y dy x  cos y 1 ( 1) 2'
C

! œ œ ! ! œ# # Ð"ß!Ñ
Ð""ß Ñc d 1

 (c)  2x cos y dx x  sin y dy x  cos y 1 1 0'
C

! œ œ ! œ# # Ð"ß!Ñ
Ð""ß!Ñc d

 (d)  2x cos y dx x  sin y dy x  cos y 1 1 0'
C

! œ œ ! œ# # Ð"ß!Ñ
Ð"ß!Ñc d

33. (a) If the differential form is exact, then   2ay cy for all y  2a c,   2cx 2cx for` ` ` `
` ` ` `

P N M P
y z z xœ Ê œ Ê œ œ Ê œ

 all x, and   by 2ay for all y  b 2a and c 2a` `
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x yœ Ê œ Ê œ œ

 (b) f  the differential form with a 1 in part (a) is exact  b 2 and c 2F œ Ê œ Ê œ œ™
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0 0 0 0 0 0

x y z x y z
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` ` ` `

` `g g
x x y y

f f

 0  g f , as claimed`
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`g
z z

fœ ! Ê œ œ™ ™ F

35. The path will not matter; the work along any path will be the same because the field is conservative.

36. The field is not conservative, for otherwise the work would be the same along C  and C ." #

37. Let the coordinates of points A and B be x , y , z  and x , y , z , respectively. The force a b c  isa b a bA A A B B B F i j kœ " "

 conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is
 f x, y, z ax by cz C, and the work done by the force in moving a particle along any path from A to B isa b œ " " "
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If water is moving about a region in the xy-plane in a thin layer, then the k-component
of the circulation, or curl, at a point gives a way to measure how fast and in what
direction a small paddle wheel will spin if it is put into the water at with its axis
perpendicular to the plane, parallel to k (Figure 16.27).

EXAMPLE 2 Finding the k-Component of the Curl

Find the k-component of the curl for the vector field

Solution We use the formula in Equation (2):

Two Forms for Green’s Theorem

In one form, Green’s Theorem says that under suitable conditions the outward flux of a
vector field across a simple closed curve in the plane (Figure 16.28) equals the double
integral of the divergence of the field over the region enclosed by the curve. Recall the
formulas for flux in Equations (3) and (4) in Section 16.2.

scurl Fd # k = 0N
0x - 0M

0y = 0
0x sxy - y2d - 0

0y sx2 - yd = y + 1.

Fsx, yd = sx2 - ydi + sxy - y2dj.

sx0, y0d
sx0, y0d

We let and approach zero to define what we call the circulation density of F at the
point (x, y).

The positive orientation of the circulation density for the plane is the counter-
clockwise rotation around the vertical axis, looking downward on the xy-plane from the tip
of the (vertical) unit vector k (Figure 16.27). The circulation value is actually the k-
component of a more general circulation vector we define in Section 16.7, called the curl
of the vector field F. For Green’s Theorem, we need only this k-component.

¢y¢x
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k

k

Vertical axis

Vertical axis

(x0, y0)

(x0, y0)

Curl F (x0, y0) . k ! 0
Counterclockwise circulation

Curl F (x0, y0) . k " 0
Clockwise circulation

FIGURE 16.27 In the flow of an
incompressible fluid over a plane region,
the k-component of the curl measures the
rate of the fluid’s rotation at a point. The k-
component of the curl is positive at points
where the rotation is counterclockwise and
negative where the rotation is clockwise.

DEFINITION k-Component of Curl (Circulation Density)
The k-component of the curl (circulation density) of a vector field

at the point (x, y) is the scalar

(2)scurl Fd # k = 0N
0x - 0M

0y .

F = Mi + Nj

Simple

Not simple

Simple

FIGURE 16.28 In proving Green’s
Theorem, we distinguish between two kinds
of closed curves, simple and not simple.
Simple curves do not cross themselves. A
circle is simple but a figure 8 is not.

THEOREM 3 Green’s Theorem (Flux-Divergence or Normal Form)
The outward flux of a field across a simple closed curve C equals
the double integral of div F over the region R enclosed by C.

(3)

Outward flux Divergence integral

F
C 

 F # n ds = F
C 

 M dy - N dx = 6
R

 a0M
0x + 0N

0y b  dx dy

F = Mi + Nj
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If water is moving about a region in the xy-plane in a thin layer, then the k-component
of the circulation, or curl, at a point gives a way to measure how fast and in what
direction a small paddle wheel will spin if it is put into the water at with its axis
perpendicular to the plane, parallel to k (Figure 16.27).

EXAMPLE 2 Finding the k-Component of the Curl

Find the k-component of the curl for the vector field

Solution We use the formula in Equation (2):

Two Forms for Green’s Theorem

In one form, Green’s Theorem says that under suitable conditions the outward flux of a
vector field across a simple closed curve in the plane (Figure 16.28) equals the double
integral of the divergence of the field over the region enclosed by the curve. Recall the
formulas for flux in Equations (3) and (4) in Section 16.2.

scurl Fd # k = 0N
0x - 0M

0y = 0
0x sxy - y2d - 0

0y sx2 - yd = y + 1.

Fsx, yd = sx2 - ydi + sxy - y2dj.

sx0, y0d
sx0, y0d

We let and approach zero to define what we call the circulation density of F at the
point (x, y).

The positive orientation of the circulation density for the plane is the counter-
clockwise rotation around the vertical axis, looking downward on the xy-plane from the tip
of the (vertical) unit vector k (Figure 16.27). The circulation value is actually the k-
component of a more general circulation vector we define in Section 16.7, called the curl
of the vector field F. For Green’s Theorem, we need only this k-component.

¢y¢x

1172 Chapter 16: Integration in Vector Fields

k

k

Vertical axis

Vertical axis

(x0, y0)

(x0, y0)

Curl F (x0, y0) . k ! 0
Counterclockwise circulation

Curl F (x0, y0) . k " 0
Clockwise circulation

FIGURE 16.27 In the flow of an
incompressible fluid over a plane region,
the k-component of the curl measures the
rate of the fluid’s rotation at a point. The k-
component of the curl is positive at points
where the rotation is counterclockwise and
negative where the rotation is clockwise.

DEFINITION k-Component of Curl (Circulation Density)
The k-component of the curl (circulation density) of a vector field

at the point (x, y) is the scalar

(2)scurl Fd # k = 0N
0x - 0M

0y .

F = Mi + Nj

Simple

Not simple

Simple

FIGURE 16.28 In proving Green’s
Theorem, we distinguish between two kinds
of closed curves, simple and not simple.
Simple curves do not cross themselves. A
circle is simple but a figure 8 is not.

THEOREM 3 Green’s Theorem (Flux-Divergence or Normal Form)
The outward flux of a field across a simple closed curve C equals
the double integral of div F over the region R enclosed by C.

(3)

Outward flux Divergence integral

F
C 

 F # n ds = F
C 

 M dy - N dx = 6
R

 a0M
0x + 0N

0y b  dx dy

F = Mi + Nj
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Problema 2.

      En los siguientes casos calcule la circulación anti-
horaria, así como el flujo saliente, para los campos 
vectoriales y curvas dadas.

1)

C: el  cuadrado delimitado por

F(x, y) = (x− y)i + (y − x)j

x = 0, x = 1, y = 0, y = 1

2) F(x, y) = (y2 − x2)i + (x2 − y2)j

y = 0, x = 3, y = xC: el triángulo formado por

F(x, y) =
(
tg−1

(y

x

))
i + ln(x2 − y2)j

1 ≤ r ≤ 2, 0 ≤ θ ≤ π

2)

C: La región definida en coordenadas polares por:

9
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Problema 3.

     En los siguientes casos calcule el trabajo hecho por 
la fuerza externa F para mover una partícula una vez 
en dirección antihorario sobre la curva dada.

F(x, y) =
(
2xy3

)
i +

(
4x2y2

)
j

x = 1, y = x3

1)

 El triángulo definido en el primer 
cuadrante por el eje x y las curvas

F(x, y) = (4x− 2y) i + (2x− 4y) j

(x− 2)2 + (y − 2)2 = 4

2)

  El circulo

13



F(x, y) =
(
2xy3

)
i +

(
4x2y2

)
j
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Problema 4.

    Evaluar las siguientes integrales:
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EXERCISES 16.4

Verifying Green’s Theorem
In Exercises 1–4, verify the conclusion of Green’s Theorem by evalu-
ating both sides of Equations (3) and (4) for the field 
Take the domains of integration in each case to be the disk 

and its bounding circle 

1. 2.

3. 4.

Counterclockwise Circulation and Outward Flux
In Exercises 5–10, use Green’s Theorem to find the counterclockwise
circulation and outward flux for the field F and curve C.

5.

C: The square bounded by 

6.

C: The square bounded by 

7.

C: The triangle bounded by and 

8.

C: The triangle bounded by and 

9.

C: The right-hand loop of the lemniscate 

10.

C: The boundary of the region defined by the polar coordinate
inequalities 

11. Find the counterclockwise circulation and outward flux of the
field around and over the boundary of the region
enclosed by the curves and in the first quadrant.y = xy = x2

F = xyi + y2j

1 … r … 2, 0 … u … p

F = atan-1 
y
x b i + ln sx2 + y2dj

r2 = cos 2u

F = sx + ex sin ydi + sx + ex cos ydj
y = xy = 0, x = 1 ,

F = sx + ydi - sx2 + y2dj
y = xy = 0, x = 3 ,

F = s y2 - x2di + sx2 + y2dj
x = 0, x = 1, y = 0, y = 1

F = sx2 + 4ydi + sx + y2dj
x = 0, x = 1, y = 0, y = 1

F = sx - ydi + sy - xdj

F = -x2yi + xy2jF = 2xi - 3yj

F = yiF = -yi + xj

C: r = sa cos tdi + sa sin tdj, 0 … t … 2p.a2
R: x2 + y2 …

F = Mi + Nj.

12. Find the counterclockwise circulation and the outward flux of the
field around and over the square cut
from the first quadrant by the lines and 

13. Find the outward flux of the field

across the cardioid 

14. Find the counterclockwise circulation of 
around the boundary of the region that is bounded above

by the curve and below by the curve 

Work
In Exercises 15 and 16, find the work done by F in moving a particle
once counterclockwise around the given curve.

15.

C: The boundary of the “triangular” region in the first quadrant
enclosed by the x-axis, the line and the curve 

16.

C: The circle 

Evaluating Line Integrals in the Plane
Apply Green’s Theorem to evaluate the integrals in Exercises 17–20.

17.

C: The triangle bounded by 

18.

C: The boundary of 0 … x … p, 0 … y …  sin x

F
C 

 s3y dx + 2x dyd

x = 0, x + y = 1, y = 0

F
C 

 sy2 dx + x2 dyd

sx - 2d2 + s y - 2d2 = 4

F = s4x - 2ydi + s2x - 4ydj
y = x3x = 1 ,

F = 2xy3i + 4x2y2j

y = x4 + 1.y = 3 - x2
sex>ydj F = s y + ex ln ydi +

r = as1 + cos ud, a 7 0 .

F = a3xy - x
1 + y2 b i + sex + tan-1 ydj

y = p>2 .x = p>2F = s-sin ydi + sx cos ydj
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F = Mi + Nj.

12. Find the counterclockwise circulation and the outward flux of the
field around and over the square cut
from the first quadrant by the lines and 

13. Find the outward flux of the field

across the cardioid 

14. Find the counterclockwise circulation of 
around the boundary of the region that is bounded above

by the curve and below by the curve 

Work
In Exercises 15 and 16, find the work done by F in moving a particle
once counterclockwise around the given curve.

15.

C: The boundary of the “triangular” region in the first quadrant
enclosed by the x-axis, the line and the curve 

16.

C: The circle 

Evaluating Line Integrals in the Plane
Apply Green’s Theorem to evaluate the integrals in Exercises 17–20.

17.
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C: The boundary of 0 … x … p, 0 … y …  sin x
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1 + y2 b i + sex + tan-1 ydj

y = p>2 .x = p>2F = s-sin ydi + sx cos ydj
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In Exercises 1–4, verify the conclusion of Green’s Theorem by evalu-
ating both sides of Equations (3) and (4) for the field 
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3. 4.
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7.

C: The triangle bounded by and 
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C: The triangle bounded by and 

9.

C: The right-hand loop of the lemniscate 

10.

C: The boundary of the region defined by the polar coordinate
inequalities 

11. Find the counterclockwise circulation and outward flux of the
field around and over the boundary of the region
enclosed by the curves and in the first quadrant.y = xy = x2

F = xyi + y2j
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15.

C: The boundary of the “triangular” region in the first quadrant
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EXERCISES 16.4

Verifying Green’s Theorem
In Exercises 1–4, verify the conclusion of Green’s Theorem by evalu-
ating both sides of Equations (3) and (4) for the field 
Take the domains of integration in each case to be the disk 

and its bounding circle 

1. 2.

3. 4.

Counterclockwise Circulation and Outward Flux
In Exercises 5–10, use Green’s Theorem to find the counterclockwise
circulation and outward flux for the field F and curve C.

5.

C: The square bounded by 

6.

C: The square bounded by 

7.

C: The triangle bounded by and 

8.

C: The triangle bounded by and 

9.

C: The right-hand loop of the lemniscate 

10.

C: The boundary of the region defined by the polar coordinate
inequalities 

11. Find the counterclockwise circulation and outward flux of the
field around and over the boundary of the region
enclosed by the curves and in the first quadrant.y = xy = x2

F = xyi + y2j

1 … r … 2, 0 … u … p

F = atan-1 
y
x b i + ln sx2 + y2dj

r2 = cos 2u

F = sx + ex sin ydi + sx + ex cos ydj
y = xy = 0, x = 1 ,

F = sx + ydi - sx2 + y2dj
y = xy = 0, x = 3 ,

F = s y2 - x2di + sx2 + y2dj
x = 0, x = 1, y = 0, y = 1

F = sx2 + 4ydi + sx + y2dj
x = 0, x = 1, y = 0, y = 1

F = sx - ydi + sy - xdj

F = -x2yi + xy2jF = 2xi - 3yj

F = yiF = -yi + xj

C: r = sa cos tdi + sa sin tdj, 0 … t … 2p.a2
R: x2 + y2 …

F = Mi + Nj.

12. Find the counterclockwise circulation and the outward flux of the
field around and over the square cut
from the first quadrant by the lines and 

13. Find the outward flux of the field

across the cardioid 

14. Find the counterclockwise circulation of 
around the boundary of the region that is bounded above

by the curve and below by the curve 

Work
In Exercises 15 and 16, find the work done by F in moving a particle
once counterclockwise around the given curve.

15.

C: The boundary of the “triangular” region in the first quadrant
enclosed by the x-axis, the line and the curve 

16.

C: The circle 

Evaluating Line Integrals in the Plane
Apply Green’s Theorem to evaluate the integrals in Exercises 17–20.

17.

C: The triangle bounded by 

18.

C: The boundary of 0 … x … p, 0 … y …  sin x

F
C 

 s3y dx + 2x dyd

x = 0, x + y = 1, y = 0

F
C 

 sy2 dx + x2 dyd

sx - 2d2 + s y - 2d2 = 4

F = s4x - 2ydi + s2x - 4ydj
y = x3x = 1 ,

F = 2xy3i + 4x2y2j

y = x4 + 1.y = 3 - x2
sex>ydj F = s y + ex ln ydi +

r = as1 + cos ud, a 7 0 .

F = a3xy - x
1 + y2 b i + sex + tan-1 ydj

y = p>2 .x = p>2F = s-sin ydi + sx cos ydj
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Ejercicio 1.

Deducir la formula de área utilizando el teorema de 
Green

19



Ejercicio 2.

  Utilice el teorema de Green para calcular el área 
de la región encerrada por las siguientes curvas 

a)

19.

C: The circle 

20.

C: Any simple closed curve in the plane for which Green’s Theorem
holds

Calculating Area with Green’s Theorem
If a simple closed curve C in the plane and the region R it encloses
satisfy the hypotheses of Green’s Theorem, the area of R is given by

F
C 

 s2x + y2d dx + s2xy + 3yd dy

sx - 2d2 + sy - 3d2 = 4

F
C 

 s6y + xd dx + s y + 2xd dy Theory and Examples
25. Let C be the boundary of a region on which Green’s Theorem

holds. Use Green’s Theorem to calculate

a.

b.

26. Integral dependent only on area Show that the value of

around any square depends only on the area of the square and not
on its location in the plane.

27. What is special about the integral

Give reasons for your answer.

28. What is special about the integral

Give reasons for your answer.

29. Area as a line integral Show that if R is a region in the plane
bounded by a piecewise-smooth simple closed curve C, then

30. Definite integral as a line integral Suppose that a nonnegative
function has a continuous first derivative on [a, b]. Let
C be the boundary of the region in the xy-plane that is bounded
below by the x-axis, above by the graph of ƒ, and on the sides by
the lines and Show that

31. Area and the centroid Let A be the area and the x-coordinate
of the centroid of a region R that is bounded by a piecewise-
smooth simple closed curve C in the xy-plane. Show that

32. Moment of inertia Let be the moment of inertia about the
y-axis of the region in Exercise 31. Show that

1
3

 F
C 

 x3 dy = -F
C 

 x2y dx = 1
4

 F
C 

 x3 dy - x2y dx = Iy .

Iy

1
2

 F
C 

 x2 dy = -F
C 

 xy dx = 1
3

 F
C 

 x2 dy - xy dx = Ax.

x

L
b

a
 ƒsxd dx = -F

C 

 y dx.

x = b.x = a

y = ƒsxd

Area of R = F
C 

 x dy = -F
C 

 y dx.

F
C 

- y3 dy + x3 dx?

F
C 

 4x3y dx + x4 dy?

F
C 

 xy2 dx + sx2y + 2xd dy

F
C 

 ky dx + hx dy sk and h constantsd.

F
C 

 ƒsxd dx + gsyd dy

1180 Chapter 16: Integration in Vector Fields

Green’s Theorem Area Formula

(13)Area of R = 1
2F

C 

 x dy - y dx

The reason is that by Equation (3), run backward,

Use the Green’s Theorem area formula (Equation 13) to find the
areas of the regions enclosed by the curves in Exercises 21–24.

21. The circle 

22. The ellipse 

23. The astroid 

24. The curve (see
accompanying figure).

x

y

0

1

–1

1 2 4

t ! 0

t " 0

t ! ;!3

t # 0

rstd = t2i + sst3>3d - tdj,  -23 … t … 23

rstd = scos3 tdi + ssin3 tdj,  0 … t … 2p

rstd = sa cos tdi + sb sin tdj,  0 … t … 2p

rstd = sa cos tdi + sa sin tdj,  0 … t … 2p

 = F
C 

 
1
2

 x dy - 1
2

 y dx .

 Area of R = 6
R

 dy dx = 6
R

 a1
2

+ 1
2
b  dy dx
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b)

19.

C: The circle 

20.

C: Any simple closed curve in the plane for which Green’s Theorem
holds

Calculating Area with Green’s Theorem
If a simple closed curve C in the plane and the region R it encloses
satisfy the hypotheses of Green’s Theorem, the area of R is given by

F
C 

 s2x + y2d dx + s2xy + 3yd dy

sx - 2d2 + sy - 3d2 = 4

F
C 

 s6y + xd dx + s y + 2xd dy Theory and Examples
25. Let C be the boundary of a region on which Green’s Theorem

holds. Use Green’s Theorem to calculate

a.

b.

26. Integral dependent only on area Show that the value of

around any square depends only on the area of the square and not
on its location in the plane.

27. What is special about the integral

Give reasons for your answer.

28. What is special about the integral

Give reasons for your answer.

29. Area as a line integral Show that if R is a region in the plane
bounded by a piecewise-smooth simple closed curve C, then

30. Definite integral as a line integral Suppose that a nonnegative
function has a continuous first derivative on [a, b]. Let
C be the boundary of the region in the xy-plane that is bounded
below by the x-axis, above by the graph of ƒ, and on the sides by
the lines and Show that

31. Area and the centroid Let A be the area and the x-coordinate
of the centroid of a region R that is bounded by a piecewise-
smooth simple closed curve C in the xy-plane. Show that

32. Moment of inertia Let be the moment of inertia about the
y-axis of the region in Exercise 31. Show that

1
3

 F
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 x3 dy = -F
C 

 x2y dx = 1
4

 F
C 

 x3 dy - x2y dx = Iy .

Iy

1
2

 F
C 

 x2 dy = -F
C 

 xy dx = 1
3
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 x2 dy - xy dx = Ax.

x

L
b

a
 ƒsxd dx = -F

C 

 y dx.

x = b.x = a

y = ƒsxd

Area of R = F
C 

 x dy = -F
C 

 y dx.

F
C 

- y3 dy + x3 dx?

F
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 4x3y dx + x4 dy?

F
C 

 xy2 dx + sx2y + 2xd dy

F
C 

 ky dx + hx dy sk and h constantsd.

F
C 

 ƒsxd dx + gsyd dy

1180 Chapter 16: Integration in Vector Fields

Green’s Theorem Area Formula

(13)Area of R = 1
2F

C 

 x dy - y dx

The reason is that by Equation (3), run backward,

Use the Green’s Theorem area formula (Equation 13) to find the
areas of the regions enclosed by the curves in Exercises 21–24.

21. The circle 

22. The ellipse 

23. The astroid 

24. The curve (see
accompanying figure).

x

y
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1 2 4

t ! 0

t " 0

t ! ;!3

t # 0

rstd = t2i + sst3>3d - tdj,  -23 … t … 23

rstd = scos3 tdi + ssin3 tdj,  0 … t … 2p

rstd = sa cos tdi + sb sin tdj,  0 … t … 2p

rstd = sa cos tdi + sa sin tdj,  0 … t … 2p

 = F
C 

 
1
2

 x dy - 1
2

 y dx .

 Area of R = 6
R

 dy dx = 6
R

 a1
2

+ 1
2
b  dy dx
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Problema 4.

Entre todas las curvas simples cerradas en el plano, 
orientadas de manera antihoraria, encuentre aquella a 
lo largo de la cual el trabajo hecho por el siguiente campo 
de fuerzas es máximo 

33. Green’s Theorem and Laplace’s equation Assuming that all
the necessary derivatives exist and are continuous, show that if
ƒ(x, y) satisfies the Laplace equation

then

for all closed curves C to which Green’s Theorem applies. (The
converse is also true: If the line integral is always zero, then ƒ sat-
isfies the Laplace equation.)

34. Maximizing work Among all smooth simple closed curves in
the plane, oriented counterclockwise, find the one along which
the work done by

is greatest. (Hint: Where is positive?)

35. Regions with many holes Green’s Theorem holds for a region
R with any finite number of holes as long as the bounding curves
are smooth, simple, and closed and we integrate over each com-
ponent of the boundary in the direction that keeps R on our imme-
diate left as we go along (Figure 16.37).

scurl Fd # k

F = a1
4

 x2y + 1
3

 y3b i + xj

F
C 

 
0ƒ
0y  dx -

0ƒ
0x  dy = 0

02ƒ

0x2 +
02ƒ

0y2 = 0,

that does not pass through (0, 0). Use Green’s Theorem to
show that

has two possible values, depending on whether (0, 0) lies
inside K or outside K.

36. Bendixson’s criterion The streamlines of a planar fluid flow
are the smooth curves traced by the fluid’s individual particles.
The vectors of the flow’s velocity field
are the tangent vectors of the streamlines. Show that if the flow
takes place over a simply connected region R (no holes or miss-
ing points) and that if throughout R, then none of
the streamlines in R is closed. In other words, no particle of fluid
ever has a closed trajectory in R. The criterion is
called Bendixson’s criterion for the nonexistence of closed
trajectories.

37. Establish Equation (7) to finish the proof of the special case of
Green’s Theorem.

38. Establish Equation (10) to complete the argument for the exten-
sion of Green’s Theorem.

39. Curl component of conservative fields Can anything be said
about the curl component of a conservative two-dimensional vec-
tor field? Give reasons for your answer.

40. Circulation of conservative fields Does Green’s Theorem give
any information about the circulation of a conservative field?
Does this agree with anything else you know? Give reasons for
your answer.

COMPUTER EXPLORATIONS

Finding Circulation
In Exercises 41–44, use a CAS and Green’s Theorem to find the coun-
terclockwise circulation of the field F around the simple closed curve
C. Perform the following CAS steps.

a. Plot C in the xy-plane.

b. Determine the integrand for the curl
form of Green’s Theorem.

c. Determine the (double integral) limits of integration from
your plot in part (a) and evaluate the curl integral for the
circulation.

41. The ellipse 

42. The ellipse 

43.

C: The boundary of the region defined by (below)
and (above)

44.

C: The triangle with vertices (0, 0), (2, 0), and (0, 4)

F = xe y i + 4x2 ln y j, 
y = 2

y = 1 + x4

F = x-1eyi + sey ln x + 2xdj, 

x2

4
+

y2

9
= 1F = s2x3 - y3di + sx3 + y3dj, C:

x2 + 4y2 = 4F = s2x - ydi + sx + 3ydj, C:

s0N>0xd - s0M>0yd

Mx + Ny Z 0

Mx + Ny Z 0

F = Msx, ydi + Nsx, ydj

F
K 

§ƒ # n ds

16.4 Green’s Theorem in the Plane 1181

FIGURE 16.37 Green’s
Theorem holds for
regions with more than
one hole (Exercise 35).

a. Let and let C be the circle
Evaluate the flux integral

b. Let K be an arbitrary smooth simple closed curve in the plane

F
C 

 §ƒ # n ds.

x2 + y2 = a2 .
ƒsx, yd = ln sx2 + y2d
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33. Green’s Theorem and Laplace’s equation Assuming that all
the necessary derivatives exist and are continuous, show that if
ƒ(x, y) satisfies the Laplace equation

then

for all closed curves C to which Green’s Theorem applies. (The
converse is also true: If the line integral is always zero, then ƒ sat-
isfies the Laplace equation.)

34. Maximizing work Among all smooth simple closed curves in
the plane, oriented counterclockwise, find the one along which
the work done by

is greatest. (Hint: Where is positive?)

35. Regions with many holes Green’s Theorem holds for a region
R with any finite number of holes as long as the bounding curves
are smooth, simple, and closed and we integrate over each com-
ponent of the boundary in the direction that keeps R on our imme-
diate left as we go along (Figure 16.37).
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called Bendixson’s criterion for the nonexistence of closed
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about the curl component of a conservative two-dimensional vec-
tor field? Give reasons for your answer.

40. Circulation of conservative fields Does Green’s Theorem give
any information about the circulation of a conservative field?
Does this agree with anything else you know? Give reasons for
your answer.
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Finding Circulation
In Exercises 41–44, use a CAS and Green’s Theorem to find the coun-
terclockwise circulation of the field F around the simple closed curve
C. Perform the following CAS steps.

a. Plot C in the xy-plane.

b. Determine the integrand for the curl
form of Green’s Theorem.

c. Determine the (double integral) limits of integration from
your plot in part (a) and evaluate the curl integral for the
circulation.
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27. The integral is 0 for any simple closed plane curve C.  The reasoning:  By the tangential form of Green's
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M
M A

x (x y) dA x dA x dA

(x y) dA dA
y

' ' ' ' ' '

' ' ' '
R R R

R R

$

$

ß

ß
' ' ' '

R R

   dy, Ax x dA (0 x) dx dy   xy dx, and Ax x dA x x  dx dyœ œ œ ! œ " œ œ !)
C

C

x 2
3 3#

"' ' ' ' ' '
R R R R

) ' ' ˆ ‰
  x  dy xy dx   x  dy  xy dx   x  dy xy dx Axœ " Ê œ " œ " œ) ) ) )

C C C C

" " " "# # #
#3 3 3

32. If (x y) 1, then I x (x y) dA x  dA x 0  dy dx   x  dy,$ $ß œ œ ß œ œ ! œy C
' ' ' ' ' '

R R R

# # # $"a b 3
)

 x  dA 0 x  dy dx   x y dx, and x  dA x x  dy dx' ' ' ' ' ' ' '
R R R R

# # # # # #"œ ! œ " œ !a b ˆ ‰)
C

3
4 4

  x  dy x y dx   x  dy x y dx    x  dy   x y dx   x  dy x y dx Iœ " œ " Ê œ " œ " œ) ) ) ) )
C C C C C y

" " " " "$ # $ # $ # $ #
4 4 4 3 4

33. M , N   ,    dx  dy  dx dy 0 for suchœ œ " Ê œ œ " Ê " œ " " œ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

f f M f N f f f f f
y x y y x x y x x y

)
C

' '
R

Š ‹
 curves C

34. M x y y , N x  x y , 1  Curl 1 x y 0 in the interior ofœ ! œ Ê œ ! œ Ê œ " œ " ! #" " ` ` ` ` "# $ # # # #
` ` ` `4 3 y 4 x x y 4
M 1 N N M ˆ ‰

 the ellipse x y 1  work d 1 x y  dx dy will be maximized on the region" "# # # #
4 4! œ Ê œ œ " "'

C
F r† ' '

R
ˆ ‰

 R {(x y) | curl } 0 or over the region enclosed by 1 x yœ ß   œ !F " # #
4

35. (a) f   M , N ; since M, N are discontinuous at (0 0), we™ œ ! Ê œ œ ßŠ ‹ Š ‹2x 2x
x y x y x y x y

2y 2y
! ! ! !i j

 compute f  ds directly since Green's Theorem does not apply. Let x a cos t, y a sin t dx a sin t dt,'
C
™ † n œ œ Ê œ "

 dy a cos t dt, M  cos t, N  sin t, 0 t 2 , so f  ds  M dy N dxœ œ œ Ÿ Ÿ œ "2 2
a a 1 ' '

C C
™ † n

  cos t a cos t  sin t a sin t dt 2 cos  t sin  t dt 4 . Note that this holds for anyœ " " œ ! œ' '
0 0

2 2! ‘ˆ ‰ ˆ ‰a b a b a b2 2
a a

2 2 1

Tendrá valor máximo
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